Abstract-The capacitance of a parallel plate capacitor is formulated in basic electrostatics, assuming that the separation between the two electrode plates is very narrow and the fringe field of the edges is negligible. However, in practical problems of electrical and electronic engineering there are many cases where the plate separation is wide and the fringe field effect cannot be neglected. In our previously published paper the capacitance of strip capacitor was computed by the boundary element method (BEM) for the case where the separation becomes wide, and a new empirical formula of the capacitance against the plate separation was derived. The empirical formula agreed well with experimental data. This paper presents a "formula" for the capacitance of a parallel plate disk capacitor. The "formula" is valid over a wider separation than formulas presented previously. As a special case of the problem, the capacitance of parallel plate ring capacitors is computed by the BEM.
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I. INTRODUCTION
HE approximate capacitance of the parallel plate disk T capacitor is formulated in simple electrostatics, assuming that the electric charge density on the plates is uniform and neglecting the fringing field of the edges. The capacitance
Co[F] is where c [ F / m ] is the dielectric constant, S [ m 2 ]
is the area of one electrode plate, R [m,] is the radius of the capacitor, d [m] is the gap between the two electrode plates, and b is the aspect ratio: always small, and formulas for the capacitance of capacitors with long aspect ratio are required [l] . The edge effect of a capacitor can be treated rigorously by solving the Laplace equation. Some papers for edge correction of a strip capacitor have been published [ 2 ] - [ 6 ] . We computed the capacitance of a strip capacitor by the boundary element method (BEM) which includes the edge effect, and derived a new empirical expression for the capacitance. The capacitance values of microstrip lines calculated by the new expression agreed well with results of other analytical expressions and with measured data [7] .
In this paper the capacitance of a parallel plate disk capacitor is studied. Kirchhoff presented an approximate formula of capacitance [8] . Wintle and Kurylowicz gave numerical results by applying a conformal representation which are much more accurate than Kirchhoff's approximate formulas [9] . However, the calculated range of their methods is not too wide ( b 5 1.0).
The aim of this paper is the calculation of capacitance of parallel plate disk capacitors for a wide range (0.01 5 b 5 10.0) by the BEM and the derivation of an empirical capacitance expression based on the calculation. As a special case of the problem, the capacitance of a parallel plate ring capacitor is computed by the BEM.
In Section 11, the BEM for the calculation of capacitances in an axisymmetrical field is presented. In Section 111, the charge distribution density on the electrode plate of parallel plate disk capacitors is computed and illustrated. In Section IV, at first to examine the validity of the BEM in this paper, the capacitance of one disk plate capacitor is computed, and the numerical result is compared with the exact solution. Then the capacitance of parallel plate disk capacitors is computed, and a new empirical expression for the capacitance is derived from the numerical results. The new expression is compared with previously published results. Furthermore, the capacitance of a parallel plate ring capacitor is computed.
BEM FOR CAPACITANCE IN AN AXISYMMETRICAL FIELD
The basic field equation for the calculation of capacitance of disk capacitors is the Laplace equation in an electrostatic field. The mathematical base of the BEM is presented in the Appendix.
A. One Disk Capacitance
One disk plate capacitor in an infinite space is divided into m, ring boundary elements with equal width (=R/m) in Fig. 1 , where R is the radius of the disk, and the identifier of the boundary elements of plates is denoted as 1 -m. In the general axisymmetrical BEM, electrode plates are not always divided into ring boundary elements with equal width, but NlSHlYAMA AND NAKAMURA: CAPACITANCE OF DISK CAPACITORS Z h r i n g e l e m e n t s in this problem the equal division makes the analytical and numerical procedure of calculation easy and efficient. Here, the simplest approximation for the surface density charge in a boundary element is adopted, and it is assumed that Here j is the identifier of the element, R, is the area of the j t h element and the integration is carried out on f13.
The potential of a disk plate is set to l [V] . By putting r' on the center of each boundary element and accounting for boundary conditions, (5) In the cylindrical coordinate ( p , 8, 2 ) considering the axisymmetricity, the integration of (9) ) is the complete elliptic integral of the first
The integration of (1 1) cannot be analytically executed, therefore, it is numerically executed. Also, (8 where 7rR2(2i -l ) / m 2 is the area of each ring boundary elements.
B. Parallel Plate Disk Capacitor
Each of the electrode plates of the parallel plate disk capacitor in Fig. 2 is divided into m, ring boundary elements with equal width, respectively, and denote the identifiers of the boundary elements of each plate, respectively, as 1 -m and m + 1 -2m. In this problem, the constant element method is also applied. Then, the Green solution (A8) becomes 
C. Parallel Plate Ring Capacitor
The parallel plate ring capacitor is presented in Fig. 3, where RI is the inner radius of the ring capacitor and t is the thickness of the ring. In this problem, the method for the calculation of In Fig. 4 the normalized charge density on the plates calculated by the BEM is plotted against the normalized position along the radius, taking b as a parameter. The position is normalized by R, and the normalized charge density ( T D~ is defined as the charge density divided by (TO, i.e.:
whete OPD is the charge density computed by the BEM for the parallel plate disk capacitor, (TO is given by (4), and b is given by (2). In Fig. 4 edges becomes much larger than that at the center even when b is small. The assumption that the density is uniform does not hold until b becomes very close to zero. As b increases, although the total charge decreases, the normalized density of charge becomes large, and even the normalized density at the center is much greater than 00. In the limiting case of b + 00, QD equals the charge density of one disk capacitance in an infinite space.
IV. CAPACITANCE

A. Capacitance of One Disk Plate Capacitor
[12] as
The capacitance of one disk capacitor is analytically derived
The accuracy of capacitance computed by the BEM is improved with the increase of m. However, with increasing m the executing time and required memory for computation rises with polynomial order [13] . To improve this difficulty of the BEM, the extrapolation method is applied [13] The fringe field is no longer negligible, when b = 1.0, the normalized deviation is larger than unity, and the normalized capacitance is equal to 2.318, i.e., the real capacitance of parallel plate disk capacitor is over two times larger than the capacitance CO in simple electrostatics.
Applying the regression analysis to the data of ACD,, a simple empirical expressions is derived for CL, in 0.01 5 Expression (36) is an expression with a wider applicable range of b. The relative errors of (35) and (36) against the numerical values computed by the BEM are at most 1.0%.
Kirchhoff [8] presented an approximate formula which includes the edge correction of the parallel plate disk capacitor:
Wintle and Kurylowicz [9] presented this by applying a conformal representation numerical results for the parallel plate disk capacitor which are much more accurate than (37) at 0.1 5 b 5 1.0.
As indicated in Fig. 6 , when b is small, all results of every method agree well, but as b increases, the discrepancy of (37) is very large. As shown for Table I is equal to 1.0, the capacitance of ring capacitor C,, is equal to the capacitance CPD of the parallel plate disk capacitor.
In Fig. 7 the normalized capacitance of a parallel plate ring capacitor is plotted against b', taking b as a parameter, where S R / S D is the ratio of surface area of the ring to the disk. When b' decreases from unity, CR, decreases, but the rate of decrease is low. C R~~ does not reduce until b' becomes close to zero. This trend becomes notable because the charge density on the plates is no longer uniform when b is large. When b becomes larger than 1.0, even at b' = 0.5, the normalized capacitance C R~~ is larger than 0.95.
In the limiting case of b -+ 0, the normalized capacitance of parallel plate ring capacitor is V. CONCLUSION In this paper the charge density and capacitance of parallel plate disk capacitors are computed, using the BEM. It is shown that the charge density at the edges is particularly high and the edge correction for the capacitance cannot be neglected unless the aspect ratio (the gap/the radius of capacitor) is close to zero.
When b is small, the fields between the plates are fairly uniform (most of the field lines are contained within), and consequently, the charge distribution on the plates is fairly uniform. Therefore C = (cS)/d is a good approximation. As b becomes larger, the field lines spread out and the charge density is no longer uniform. Then C = (eS)/d is not a good approximation.
An empirical formula, which is applicable even when the aspect ratio becomes far larger than unity, is derived for the capacitance. Furthermore, to confirm the strong edge effect, the capacitance of a parallel plate ring capacitor is computed by the same method. It is found that the capacitance does not decrease until the thickness of the ring becomes very small. In limiting case of b -+ 0, the normalized capacitance of parallel plate ring capacitor equals the ratio of surface area of the ring to that of the disk.
Here the computation of capacitance is carried out only in a space with uniform permittivity, but in a more practical situation, the computation of the capacitance for problems where dielectrics are involved between the plates, such as high voltage disk capacitors, measurement of dielectric constant [2] and microstrip line [3] - [6] is important. The BEM can be expanded into the problems by setting boundary elements on the boundary between two media with different permittivity. The detail of the method is presented in [15] . The work is now in progress. Here j j and U are the functions which present the boundary conditions.
B. Green Solution
The mathematical base of the BEM is to express the solution of (A2) with boundary conditions (A3) and (A4) by the Green solution or an integral form [15] , [16] . The Green solution is = .I €2 . n' dR = -€(grad U ) .n' dR ( A l l ) where Q is the total charge induc_d on one electrode, 8 is the displacement or flux density, E is the intensity of electric field, and o is the surface distribution charge on plates.
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